INTRODUCTION
Let G be a finite graph. We denote the vertex set and the edge set of G by V(G) and E(G), respectively. A cycle is a loop or a simple connected graph which is homeomorphic to a circle. A path is a simple connected graph which is homeomorphic to a closed line segment. A spatial embedding of G is an embedding g: G Ä R 3 of G into the three-dimensional Euclidian space R 3 , and its image G g = g(G) is called a spatial graph. If it consists of a single cycle or a disjoint union of cycles, then it is called a knot or a link. A graph is called planar if it has an embedding into R 2 . A regular projection of a graph is its drawing on the plane whose multiple points are only finitely many double points of edges. If we give``over'' and`u nder'' information at each double point to a regular projection of a graph, then we obtain a spatial graph (near the plane) and we call it a diagram of a spatial graph ( Fig. 1.1 ). We note that every diagram in this paper is obtained in this way. A diagram is useful for studying a spatial graph. Figure 1.1 Starting with this theorem, Negami [5, 6] showed that every rectilinear spatial embedding of K n with sufficiently large positive integer n contains a prescribed knot type, where a spatial graph is rectilinear if each of its edges is a straight line segment. Here note that this theorem does not hold for general spatial embeddings. For example, if one makes a local knot on each edge of a spatial embedding of K n , then any cycle in K n will involve a number of such local knots which restricts the knot types.
In this paper, we show a Ramsey-type theorem for a regular projection of a planar graph. It is well known in knot theory that for any link diagram, there exists a series of crossing changes which creates a diagram of the unlink. In other words, for any regular projection of a disjoint union of cycles, there exists a diagram of the unlink obtained from it by giving over and under information to each double point ( Fig. 1.2 ). This fact is useful for calculating polynomial invariants for knots and links. However, this is not true for planar graphs. In fact, Taniyama [10] showed the following.
Proposition 1.2 (Taniyama [10] ). There is a regular projection of a planar graph such that every diagram obtained from it contains a diagram of a Hopf link.
The planar graph shown in Fig. 1.3 is an example of this proposition and Fig. 1 .4 is a diagram obtained from the projection.
Then, we ask a question: Does there exist a regular projection of a planar graph such that every diagram obtained from it contains a prescribed knot type? Taniyama and the author, in [11] , introduced the concept of inevitability of spatial graphs and obtained a partial solution to this. Definition 1.1 [11] . Let H be a spatial graph. A regular projection of a graph is called H-inevitable if every diagram obtained from it contains a diagram of H. Theorem 1.3 (Taniyama and Tsukamoto [11] ). Let K be the (2,n)-torus knot or link for an integer n (see Fig. 1 .5). Then, there exists a K-inevitable projection of a planar graph.
The following is our main theorem. Here note that knots and links are spatial embeddings of planar graphs. Theorem 1.4. Let H be a spatial embedding of a planar graph. Then, there exists an H-inevitable projection of a planar graph. This paper is organized as follows: In Section 2, we study braids diagrammatically and define a normal form of a pure braid. In Section 3, by using the result that any pure braid has a normal form, we define a normal form of a diagram of a spatial embedding of a planar graph. In Section 4, we prove the key lemma. In Section 5, we prove Theorem 1.4 by using the lemma. We assume that every graph we consider is connected from now on. 
A NORMAL FORM OF A PURE BRAID
We treat a braid as a diagram, and so definitions are slightly different from the usual ones (cf. [1] ).
Let p, q be real numbers with p>q. We call a braid diagram in [0, 1]_[q, p] with n strands an n-braid of type ( p, q) if the end points of every strand are on y= p and y=q. We simply call an n-braid of type (1, 0) an n-braid. We say that two n-braids of type ( p, q) B n and B$ n are equivalent if B n is deformable to B$ n by a finite sequence of Reidemeister moves and an ambient isotopy rel. ([0, 1]_[q, p]) of R 2 . An n-braid is called pure if it induces the trivial permutation in the symmetric group S n . A pure (n, i)-braid is a pure n-braid such that its strands ; 1 , ; 2 , ..., ; i&1 , ; i+1 , ..., ; n are straight line segment and ; i crosses only ; 1 , ; 2 , ..., ; i&1 (see We define the product of two n-braids of type ( p, q) B n and B$ n as follows. We obtain the n-braid of type ( p, ( p+q)Â2) by compressing B n . And put that on the top of the n-braid of type (( p+q)Â2, q) obtained from B$ by compressing B$ n . The following is already known (cf. [1, p. 149 ]) but here we give an alternative proof to it. We call a pure n-braid deformed as follows a normal form of a pure n-braid.
Proposition 2.1. Any pure n-braid can be deformed into a product of pure (n, i)-braids (i=2, ..., n).
Proof. Let B be a pure n-braid. We call the strands ; 1 , ..., ; n from the left. We assume that its crossings have different y-coordinates. Let p be a real number such that there is no crossing of ; n on the half plane y p. We may assume that p=1Â2. We show that we can deform B so that any crossing of ; i and ; j (i{n{ j) occur in the half plane y 1Â2. When we move these crossings through the upper crossing, there are 16 cases as described in Fig. 2 .2 to be considered. In each case, we can easily find such a deformation as in Fig. 2 .3, leaving the details to the reader. Therefore B is the product of B$ and a pure (n, n)-braid, where B$ is a pure n-braid with straight nth strand. By doing such a procedure inductively, we can complete the proof. K 
A NORMAL FORM OF A SPATIAL EMBEDDING OF A PLANAR GRAPH
Let G be a planar graph, and S a subgraph of G. Let f: G Ä S 2 be an embedding, where S 2 is a 2-sphere in R 3 . For v # V(S) and e # E(S), we take a disk neighborhood D v of f (v) and a band neighborhood
is called a diskÂband neighborhood of f (S) and denoted by U( f, S) ( Fig. 3.1 ). If S is a spanning tree of G, then we call U( f, S) & f (G) an extended spanning tree of f (G). Here we also call U( f, S) a diskÂband neighborhood of the extended spanning tree. Moreover, let g: G Ä R 3 be a spatial embedding. Then g b f &1 (T ) is called an extended spanning tree of g(G), where T is an extended spanning tree of f (G) ( Fig. 3 .
2).
Let T be an extended spanning tree of f (G), and U a diskÂband
is under the x-axis ( Fig. 3.3 ).
Let f (G) be a trivial pure plat representation of G of type 0. For positive integers d 1 , ..., d n , we define a trivial pure plat representation of G of type (d 1 , ..., d n ) as follows, where 2n= |T & U|. Let l 1 , ..., l 2n be the vertical lines of f (G) in [0, 1]_[0, 2]. Let e 1 , ..., e n be the edges of G, where at least one of the two points in e i & [ y=2] is on the left of e j & [ y=2]. We assume that l j and l k ( j<k) are subarcs of e i . Then, delete the subarc of e i under the x-axis. Put 2d i vertical straight lines of length 1 between l j and l j+1 in 0 y 1. Connect l j , these vertical lines and l k with arcs in y<0 or in [0, 1]_ [1, 2] alternately from the left so that we obtain an embedding of the edge e i . Apply such a deformation to the edges e 1 , ..., e n ( Fig. 3.4 ). A diagram P of a spatial embedding of a planar graph is called a pure plat representation if there exists a trivial pure plat representation T of type (d 1 , ..., d n ) and a pure m-braid B (m=2n+2d 1 + } } } +2d n ) such that P is obtained from T by replacing [0, 1]_[0, 1] with B. We remark here that a pure plat representation of a spatial graph is homotopic to a trivial pure plat representation. Thus pure plat representions are defined only for planar graphs.
Then we obtain the following proposition.
Proposition 3.1. Any spatial embedding of any planar graph has a pure plat representation.
Proof. Let G be a planar graph, f: G Ä S 2 an embedding and g: G Ä R 3 a spatial embedding. Specify a spanning tree of G, and take an extended spanning tree of g(G) and a basic rectangle of f (G) from it which we denote by T and R, respectively. Shrinking T so as to be in a neighborhood of a vertex for g(G), we can make T have no crossings ( Fig. 3.5 ). Using an ambient isotopy, we make T coincide with an extended spanning tree in R, and g(G)&T be under the line y=2. Let e 1 , ..., e n be the edges not contained in the spanning tree of G so that e i has a left-more intersection with y=2 than those of e j (i< j). Let d i 0 be the left-most intersection of e i and y=2. Label, from d i 0 , all local minimal and maximal points of e i in g(G) by d i 1 , ..., d i 2d(i)&1 , and label the right-most intersection of e i and y=2 by d i 2d(i) . Modify e i so that local maximal points d i 2 , d i 4 , ..., d i 2d(i)&2 may be on y=2 near the right of d i 0 and e i always clockwise touch y=2 ( Fig. 3.6 ). Then, modify e i so that the local minimal point d i j may be on y=&1 and have its x coordinate between those of d i j&1 and d i j+1 , and then e i clockwise touch y=&1 (i=1, 3, ..., 2d(i)&1).
If there is an edge which has intersections with y=2 betweeen those of e i , then modify the subarc in under the x-axis which contains d i
so that x coordinates of these intersections may be between those of the subarc and x-axis ( Fig. 3.7) .
By an ambient isotopic modification, we make the braid part in I_I. Thus we obtain a pure plat representation of g(G). K Now, since a part in (0, 1)_(0, 1) of the pure plat representation of g(G) is a pure braid, it has a normal form (Proposition 2.1). Thus, we call the representation of g(G) with its braid part deformed into a normal form, a normal form of g(G). Lemma 4.1. Given a pure (n, n)-braid B, there is a planar graph G with [a 1 , ..., a n , b 1 , ..., b n ]/V(G) satisfying the following conditions:
1. There is an embedding f: G Ä [0, 1]_[0, 1]/R 2 such that f (a k )= (kÂ(n+1), 1) and f (b k )=(kÂ(n+1), 0) (k=1, ..., n).
2.
There is a continuous map g: G Ä [0, 1]_[0, 1]/R 2 which induces a regular projection of G such that: Proof. Let B be a pure (n, n)-braid. First we construct G, f and g so that they satisfy conditions 1 and 2(a). Second, we show that they also satisfy condition 2(b).
For a pair of an even number p and an odd number q, we define a planar graph G p, q which has an embedding f $: G p, q Ä (0, 1)_(0, 1)/R 2 as follows. Put p cycles v i
j if i and j have different parities (i=1, ..., p&1, j=1, ..., 2q) (see Fig. 4 .1 for an example). Thus |V(G p, q )| =( p+1) q and |E(G p, q )| =2pq. Here we put p+1 auxiliary concentric circles s$ 0 , s$ 1 , ..., s$ p and q auxiliary radial straight lines l$ 1 , l $ 2 , ..., l $ q in (0, 1)_(0, 1) as Fig. 4.2 . We denote by c i j the unique vertex at intersection of s$ i and l$ j from now on (i=0, ..., p, j=1, ..., q). Let d be the number of crossings in B, and put M=2n(n+d ) and N=4n&1. We define the graph G as a planar graph which contains G M, N as its subgraph and satisfies the following three conditions (see Fig. 4.3 for an example): Note that |V(G)|=(2n(n+d)+1)(4n&1)+2n and |E(G)| =2_2n(n+d ) (4n&1)+2n. These G and f are the desired planar graph and its embedding. Now we give a regular projection g$(G p, q ) as the image of f $(G p, q ) under the two-fold branched covering map of R 2 branched over the center of concentric circles, where g$: G p, q Ä (0, 1)_(0, 1) is a continuous map (see Fig. 4.4 for an example). More concretely, we constract g$(G p, q ) as follows. Put, in (0, 1)_(0, 1), p+1 auxiliary concentric circles s 0 , s 1 , ..., s p and q auxiliary radial half lines l 1 , l 2 , ..., l q ends on the center of s i (Fig. 4.5 ). Put the vertex c i j on the intersection of s i and l j (i=0, ..., p, j=1, ..., q). Connect c i j and c i+1 j+1 and connect c i j and c i+1 j&1 , where i{ p and the subscript j is considered modulo q.
Using g$ and g$(G M, N ), we define a continuous map g: G Ä [0, 1]_ [0, 1]/R 2 which induces a regular projection of G and satisfies the following six conditions (see Fig. 4 .6 for an example). 3. For any edge e # E(G), g(e) is an embedded arc. 4 . g(b k c 0 2(n+1&k) ) has no intersections (k=1, ..., n). 5. g(a k c 0 2(n+k) ) has an exactly one intersection with g(a n c 0 2n+1 ) (k= 1, ..., n&1).
6. g(a n c 0 2n+1 ) has exactly n&1 intersections with g(a k c 0 2(n+k) ) (k=1, ..., n&1).
Since it is clear that G is a planar graph which satisfies conditions 1 and 2(a) of the lemma, it is sufficient to show that we can find a subdiagram satisfying condition 2(b) of the lemma in any diagram obtained from g(G).
Here Fig. 4.7 shows a figure obtained from g(G) by cutting along a halfline l 1 . We use it to show the existence of the subdiagram as above. If we identify the left end and the right end in that figure, then we obtain g(G M, N ). The subscript j of c i j is considered modulo 4n&1. Now we will find a subdiagram S satisfying condition 2(b).
Let G be a diagram obtained from g(G). We take a subdiagram of G which is equivalent to B as follows: In Step 0, we take 2n paths which will be expanded step by step. In Steps 1 and 2, we expand the paths eliminating the crossings which they have. In Steps 3 and 4, we further expand them so that we realize the crossings of B. In Step 5, we make them n paths which is the desired n-braid.
Step 0. We define 2n paths Q 0 1 , ..., Q 0 n , R 0 1 , ..., R 0 n in G as follows:
We denote by Q i j (resp. R i j ) a path with its end points at b j (resp. a j ) and c i * . Then we call b j and a j fixed end points and call c i * a nonfixed end point. We simply denote by Q j (resp. R j ) a path with its fixed end point at b j (resp. a j ). We denote by EQR(i) the ordered set of the nonfixed end points of (2n&1) paths Q i n , ..., Q i 1 , R i 1 , ..., R i n&1 . We say that EQR(i) is in a good position if EQR(i)=[c i t , c i t+2 , ..., c i t+2(2n&3) , c i t+2(2n&2) ] for some t, that is, they are every other vertices on the circle s i in this order. Here, we note that R 0 n crosses R 0 n&1 , R 0 n&2 , ..., R 0 1 individually exactly once in this order from its fixed end point and that EQR(0) is in a good position.
Step 1. We assume that R 0 n is over R 0 1 at the crossing point in G . Then, we denote by X the crossing point of edges c c 2n 3 at X, then we take 2n paths as follows (see the leftside of Fig. 4.8) , where ,(k)=2(n+1&k) and (k)=2(n+k):
(k=1, ..., n),
3 is over c 2n&1 3 c 2n 2 at X, then we take 2n paths as follows (see the rightside of Fig. 4.8) , where ,(k) and (k) are the same as above:
In both cases, it is clear by constructions that EQR(2n) is in a good position and that we can eliminate crossings of R 2n 1 and R 2n n . We can similarly treat the case that R 0 1 is over R 0 n . Thus, we obtain the following claim. Claim 1. Suppose that EQR(i) is in a good position and that the nonfixed end points of R i n and R i j are c i t and c i t+1 , respectively, for some t. k ) has one more crossings than n k=1 (Q i k _ R i k ) does. Moreover, the only crossing point is of R n and R j and we can specify whether R n is over R j at the crossing point or not.
Step 2. By using Claim 1, we can eliminate crossings of R 0 n and R 0 2 , R 0 3 , ..., R 0 n&1 by turns in this order as Step 1. Then, we take 2n paths Q '(n) 1 , ..., Q '(n) n , R '(n) 1 , ..., R '(n) n such that ( n k=1 (Q '(n) k _ R '(n) k )) _ G 2n(d+1)+1, 4n&1 /G is ambient isotopic rel. ([0, 1]_[0, 1]_R) to a graph illustrated in Fig. 4.9 , where '(n)=2n(n&1) and G 2n(d+1)+1, 4n&1 is the subdiagram of G which is the part inside S '(n) of G . Moreover, EQR('(n)) is in a good position, and nonfixed end points of R '(n) n&1 and R '(n) n are c '(n) t&1 and c '(n) t , respectively, for some t. Thus, EQR('(n))= [c '(n) t&4n+3 , c '(n) t&4n+5 , ..., c '(n) t&3 , c '(n) t&1 ].
Step 3. Let ; 1 , ..., ; n be strands of our n-braid B from the left. Remark that every crossing in B consists of ; n and ; k (1 k n&1). We can assume that all crossings have different y-coordinates. Thus let x 1 , x 2 , ..., x d be crossings in B, where x i has lower x-coordinate than x i&1 .
Here we consider a crossing x 1 . It consists of ; n and ; n&1 . We assume that ; n is over ; n&1 at x 1 . Then, we denote by Y the crossing point of edges c 2n 2 &1 t+2(n&1) c 2n 2 t+2n&1 and c 2n 2 &1 t+2n&1 c 2n 2 t+2(n&1) , where t is the integer at Step 2. Note that c 2n 2 &1 t+2(n&1) =c 2n(n&1)+(2n&1) (t&1)+(2n&1) . We also take 2n paths according to the following two cases.
Case 3.1. If the edge c 2n 2 &1 t+2(n&1) c 2n 2 t+2n&1 is over c 2n 2 &1 t+2n&1 c 2n 2 t+2(n&1) at Y, then we take 2n paths as follows (see the leftside of Fig. 4.10) , where '(n)= 2n(n&1), ,(k)=t&4n+3&2(k&1) and (k)=t&2n+3+2(k&1):
Case 3.2. If the edge c 2n 2 &1 t+2n&1 c 2n 2 t+2(n&1) is over c 2n 2 &1 t+2(n&1) c 2n 2 t+2n&1 at Y, then we take 2n paths as follows (see the rightside of Fig. 4.10) , where '(n), ,(k), and (k) are the same as above: (k=1, ..., n),
In both cases, we take only one crossing point and EQR(2n 2 ) is in a good position. We can similarly treat the case that ; n&1 is over ; n at x 1 . Thus, we obtain the following claim. k ) has one more crossing than n k=1 (Q i k _ R i k ). Moreover, the only crossing point is of R n and R j , and we can specify whether R n is over R j at the crossing or not.
Step 4. We assume that we have chosen crossings x 1 , ..., x k . If x k consists of strands ; n and ; j , then x k+1 consists of ; n and ; j+1 or ; j and ; j&1 since B is a pure (n, n)-braid. In both cases, we can also choose a crossing x k+1 by using Claim 1 or 2. Thus, we can choose all crossings in B.
Step 5. Now, EQR(N ) is in a good position, and nonfixed end points of R N n&1 and R N n are c N t$&1 and c N t$ for some t$, respectively, where N=2n(d+n&1). Thus, EQR(N )=[c N t$&4n+3 , c N t$&4n+5 , ..., c N t$&3 , c N t$&1 ]. Then, we take a subdiagram S = n k=1 P k in G as follows, where ,(k)=t$&4n+3+2(n&1)+2k=t$&2n+2k+1. Note that c N ,(k)&4k+2 = c N t$&2n&2k+3 =c N t$&4n+3+2(n&k) is the nonfixed end point of Q N k :
In this step, we take no crossings. It is clear that the resulting S satisfies the condition 2(b) of the lemma. Therefore we complete the proof. K Now, we prove the key lemma using Lemma 4.1.
Lemma 4.2.. Given a pure (n, s)-braid B of type ( p, q), there is a planar graph G with [a 1 , ..., a n , b 1 , ..., b n ]/V(G) satisfying the following conditions:
1. There is an embedding f : G Ä [0, 1]_[q, p]/R 2 such that f (a k )= (kÂ(n+1), p) and f (b k )=(kÂ(n+1), q) (k=1, ..., n).
There is a continuous map g: G Ä [0, 1]_[q, p]/R 2 which induces a regular projection of G such that: Proof. Let G p, q , f $, c i j be as the proof of Lemma 4.1, except that f $: G p, q Ä I_[q, p]. Let d be the number of crossings in B. We define a graph G as a planar graph which contains G 2s(s+d ), 4s&1 as its subgraph and satisfies the following three conditions (see Fig. 4 .11): 1. V(G)=[a 1 , ..., a n , b 1 , ..., b n ] _ V(G 2s(s+d ), 4s&1 ), 2. E(G)=[b s c 0 2 , ..., b k c 0 2(s+1&k) , ..., b 1 c 0 2s , a s c 0 2s+1 , a 1 c 0 2s+2 , ..., a k c 0 2(s+k) , ..., a s&1 c 0 2(2s&1) , a s+1 b s+1 , a s+2 b s+2 , ..., a n b n ] _ E(G 2s(s+d ), 4s&1 ), 3. There is an embedding f: G Ä I_[q, p]/R 2 such that:
(a) f | G 2s ( s+d ), 4s&1 = f $, (b) f (a k )=(kÂ(n+1), p) and f (b k )=(kÂ(n+1), q) (k=1, ..., s), Then, it is clear from Lemma 4.1 that G is a planar graph satisfying conditions of the lemma. K
PROOF OF THEOREM 1.4
Proof of Theorem 1.4. We deform H into a normal form and denote it again by H. Let n be the number of strands of the braid part of H. We can assume that each pure (n, i)-braid is of type ( p(i), q(i)) (2 i n), where p(i)=(n&i+1)Â(n&1) and q(i)=(n&i)Â(n&1). For each pure (n, i)braid B i of type ( p(i), q(i)) in H, there is a planar graph G i with [a i 1 , ..., a i n , b i 1 , ..., b i n ]/V(G i ) satisfying the following conditions from Lemma 4.2:
1. There is an embedding f i : G i Ä I_[q(i), p(i)]/R 2 such that f i (a i k )=(kÂ(n+1), p(i)) and f i (b i k )=(kÂ(n+1), q(i)) (k=1, ..., n). 2. There is a continuous map g i : G i Ä I_[q(i), p(i)]/R 2 which induces a regular projection of G i such that:
(a) g i (a i k )= f i (a i k ) and g i (b i k )= f i (b i k ) (k=1, ..., n), (b) For any diagram G i obtained from g(G i ), there is a subdiagram S i /G such that S i is equivalent to B i . Figure 5.1 Let J be the pure braid part of H on I_I, and let T be the spanning tree in the basic rectangle of H. Then, we define a graph G as a planar graph such that there is an embedding f: G Ä R 2 such that f (G)= ( n i=2 f i (G i )) _ (H&J ) (see Fig. 5 .1). Note that |V(G)| = n i=2 |V(G i )| & n(n&2)+ |V(T )|, and |E(G)| = n i=2 |E(G i )| + |E(T )| +nÂ2+2 |E(H )& E(T )|+(n&2 |E(H )&E(T )|)Â2. Then, it is clear that G has an H-inevitable projection. K
